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Modal p-calculus

Some properties for which we need the p-calculus:

» For some execution ¢ holds everywhere

vX.p A ([truelfalse V (true) X)
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Modal p-calculus

Some properties for which we need the p-calculus:

» For some execution ¢ holds everywhere
vX.p A ([truelfalse V (true) X)
» Eventually ¢ will hold (in every execution)

uX.o V ((true)true A [true] X)
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Semantics of p-calculus

Environment

» With each formula associate a set of states for which
it is satisfied
[e] €S
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Semantics of p-calculus

Environment

» With each formula associate a set of states for which
it is satisfied
[e] €S
» How to deal with recursion variable X?

» Make an assumption on states satisfying X, record
assumption in environment 7: X — 25.

> X = TI(X) =T, glX = TI(Y)=n(Y)if X#Y
» Use this assumption to compute solution
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Semantics of formula

[]} is set of states satisfying ¢ in environment 7. Similar

to semantics of HML, but:

5/1



Semantics of formula

[]} is set of states satisfying ¢ in environment 7. Similar

to semantics of HML, but:

[[XHL = n(X)

5/1



Semantics of formula

[]} is set of states satisfying ¢ in environment 7. Similar
to semantics of HML, but:

[X]] = n(X)
[1X. ] =nT C S.0,(T)

5/1



Semantics of formula

[]} is set of states satisfying ¢ in environment 7. Similar
to semantics of HML, but:

[XTL = n(X)
[uX. o]} =pT C S5.9,(T)
[vX.o]] =vT C 5.0,(T)

5/1



Semantics of formula

[]} is set of states satisfying ¢ in environment 7. Similar
to semantics of HML, but:

[XTL = n(X)
[uX. o]} =pT C S5.9,(T)
[vX.o]] =vT C 5.0,(T)

n[X:=
&, (T) = [T
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Semantics of recursion

() = [}
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Semantics of recursion

Oy (T) =[]
Observe

» monotonic (U C V = &,(U) C ¢,(V))
> S finite
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Semantics of recursion

Oy (T) = [T

Observe
» monotonic (U C V = &,(U) C ¢,(V))
» S finite

Therefore (Knaster-Tarski):
[uX ]} U¢’

[vX.o]] = m¢;7

6/1



Computing fixed points

Due to Knaster-Tarski, use fixed point iteration
> &,(T) = [l ™"
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Computing fixed points

Due to Knaster-Tarski, use fixed point iteration
X:=T
> &y (T) = [T
> ¢0(T) =T
> 01 = o(¢7(T))
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Computing fixed points

Due to Knaster-Tarski, use fixed point iteration
X:=T

Oy (T) = [T

¢0(T) =T

" = o(47(T))

> there exists m s.t. ®"TH(T) = &™(T)

v

v

v
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Computing fixed points

Due to Knaster-Tarski, use fixed point iteration

>

>

| 2

@y(T) = [l

*T)=T

o+l — (D((Dn(T))

there exists m s.t. ®™(T) = o™(T)

For pu, start with T = (), for v start with T = S;

iterate until m is found
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Example

uX.[a]false VV (true) X

9'ge

a a
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Example

uX.[a]false V (true) X

9'ge

a a

&(T) = [[a]false \ (true)|PX:=T]
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Example

uX.[alfalse V (true) X

|
H ? 50-24)
a a
O(T) = [[a]false v <true>]]n[X::T]
®°(0) = 0
1(0) = [[a]false V (true)]"PX="]
= [[a] false] "X = U [(true) x]11X:=0)
={s2}Ud
= {2}
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Example

wuX.[a]false \/ (true) X

9:9°®

a a

&(T) = [[a]false V (true)]PX=T]
o1 (0) = {2}
®2(0) = [[a]false V (true)]"X: =12}
= [[a] false]]”[X::{SZ}] U ﬂ(true>x]]77[xiz{52}]
= {s2} U{so}

= {s0,52}
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Example

uX.[a]false vV (true) X

H 2 &-2®)
a a

O(T) = [[a]false v <true>]]n[X::T]
(D) = {s0, 52}
®3(0) = [[a]false V (true)]X=X"]

= [[a]false] X=X U [(true) X]X=X’]

={sp} U{so}

= o*(0)

= {%0, 82}
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Example

uX.[a]false V (true) X

9:9°®

O(T) = [[a]false v (true)]"X:=T]

3(0) = {s0, 52}
O3 () = &2(0)
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Example

vX.(b)true A [b]X

|
a @ a
oaRe

b

A=CreC)

®(T) = (bytrue A [b]X
®9(S) =S5
®1(S) = [(b)true A [b]X]X=5]
= [() true] =T [[p] X" =2]
= {s1,%,t1} N {so, 51, %, to, t1}

= {s1,%,t1}



Example

vX.(b)true A [b]X

®(T) = (bytrue A [b]X
(DI(S) = {51,52, tl}
®2(S) = ... = [(btrue]X= vt} A [ xIX =20 )]

= {s1, %, t1} N {s0, 51,5, to, t1}
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Example

vX.(b)true A [b]X

®(T) = (btrue A [b]X

¢1(5) = {51,52, tl}
d2(S) = d1(9)
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General Overview

System Models

Behavior (Processes) ) .-

Semantic Domain

10/1



Thank you very much.



