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Vision:
Program Synthesis For Performance

Generate highest performance code for mathematical algorithms
directly from a mathematical description

Approach
Mathematical DSLs
Rewriting systems for difficult optimizations
Compiler

Program Generation in Spiral

Learning and search for fine-tuning

Example: Linear Transforms
www.spiral.net

This talk: Basic linear algebra computations
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Library performance sgemm (C += AB)
Intel Core i7-2600 CPU @ 3.40GHz
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<— What happens for smaller sizes?

A closer look at small problem sizes
Intel Core i7-2600 CPU @ 3.40GHz
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(30 x n) times (n x 30) matrix
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Are small problems so important?

Required by many performance-critical applications:
Optimization algorithms
Kalman filters
Geometric transformations
Real-time localization and mapping

Often for specific input sizes
Do not necessarily comply with standard interface (e.g., BLAS)

Of special interest for a variety of embedded systems
Reduced HW and SW resources

Basic Linear Algebra Computations
(BLACs])

Examples: Composed of:
Yy = Az Scalars, vectors, and matrices
O — o ABT +8C Operators:
=a Addition
T Scalar multiplication
Y= (A + B)y + 0 Matrix multiplication

Transposition

Assumption: All input and output vectors and matrices have a fixed size
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Our Goal: From (any) BLAC to fast code
y=2T(A+B)y+6 <— Ais2x3 xis 31, ..

Design similar to Spiral

void f(double const * A, double const * x, double * y) {
double to, ..;

to = x[0];
t1 = x[1];

t9 = t3 * to;

t10 = t6 * tO;
t11 = t4 * t1;
t12 = t9 + ti11;

y[e] = ti6;
y[1] = t18;

Our Goal: From (any) BLAC to fast code
v = a:T(A + B)y+ 0§ <— Ais 23, xis 31, ..

Design similar to Spiral

void f(double const * A, double const * x, double * y) {
__mi128d te, ..;

t0 = _mm_loadu_pd(A);

t1 = _mm_load_sd(A + 2);

t6 = _mm_hadd_pd(_mm_mul_pd(te, t4), _mm_mul_pd(t2, t4));
t7 = _mm_shuffle_pd(tl, t3, 0);

t8 = _mm_mul_pd(t7, _mm_shuffle_pd(t5, t5, 0));

t9 = _mm_add_pd(t6, t8);

_mm_storeu_pd(y, t9);
}
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Architecture of LGen

Basic linear algebra computation Yy = A.CU
(BLAC)

Tiling decision
Tiling propagation LL

Loop-Llevel
optimizations 2-LL

Code-level
optimizations

Perfbed I‘;Ic.)\./(mmMulPs A[@,0], x[0,0]), t[e,0]

for(int i = .. ) {
Optimized C function o mmmulps(a, x);

)

Scalar code generation [

y=Ar+y
= + 4

H_/

€ € € <
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Tiling in LL I

[y = Az + y]r,c
= + Tiling decision
for equation

r=2c=1

Task: Tiling decision for equation -> tiling decision for operands

Tiling in LL I

D D [y = Az + yl2
= +
[

Ylaq = [Az + yl21
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Tiling in LL | v
\Z
= Axr +y|21
H _ D+H [y ]
Wl2,1 = [Az + Y21
[yl2q = [Az]21 + [Yl2,1
i
Tiling in LL =
A

H H+H [y = Az +yl2q

u [Yl2,1 = [Azr +yl21

[Yl2,1 = [Az]21 + [y]2.1

[yl2,1 = [Al2k[x]k1 + [¥]21

Choice that can be used for search
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Tiling in LL

ly = Az +ylan

N
iN

[yl = [Az +yl21
[Y]2,1 = [Az]21 + [y]21

[y]2,1 = [Al2.2[7]2,1 + [y]21

Gathers:

Scatters:

C:

z-LL:

\%
Basics I_:+
Extension of Z-SPL (Franchetti et al., PLDI 2005) v

Gr=1[59080]

St =Gr

Extracting a block

.

Expanding a block

B:A(Oil,O:I):GLAGR

B o
00

C =S5.BSkr

Gathers and scatters make data accesses explicit

Spiral for Basic Linear Algebra
WG 2.11 meeting, March 2014

© Markus Pischel, Computer Science, ETH Zirich




\7
I-LL: Some properties [*
\7
o= G}’2GJ2.’4$ :.;;h; E :[?j;k < 25 k++ ) t[K] = x[j+k1;
= G(h;‘ﬁ’4 o h}jZ)x = G}fjw alpha = x[i+j];
3
a=Gi Y S;B; For (3205 3¢ 45 3 €3] = betal3);
j=0
3
= SZTZSJBJ = /37, alpha = beta[i];
7=0
\%
LL to E-LL e
v

So (G(]AG(]) S(] c So (Gol‘) + -4 Sz (GQAGQ) SQ o SQ (GQCL‘)

= > Y S.(G.AG;) (Gjx)

1=0,2 §=0,2
11

3 3
=> Y S Y S/ (GuGAG;Gy) (GyGyx)

1=0,2 5=0,2 /'=035'=0
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LL to Z-LL e

v

o1 [ Al2alel i+ [l

SO (GoAGo) SO o So (GoSC) + -t SQ (GQAGQ) Sg o SQ (GQQJ)

3 3
= > Y S.(G.AG))(Gjx)
1=0,2 j=0,2

= Z Sirv (G AGjtjr) (Gjgjrx)
v

LL to Z-LL: Loop fusion e
v

W21 = [Al22[x]2,1 + [Y]21

$

t= Z St (GH—L’AGJ'—H’) (Gj—l—j’x)

L7j7L,7jl
Y= Z Sivit (Gigirt + Gigiry)

i
‘ ‘Gi+i/ Z St () = (Gigir AGj1j0) (Gjqjr)

Ry
L7007

y= > Sits [(GitwAGjsy) (Gjijz) + Giyiry]

L,
;27575
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Z-LL to C-IR

Y Sivi (GirvAGjayr) (Gjajx) + Giriry]

44,5,5"
Loop unrolling
Mov (Mul A[@,0], x[0,0]), t[e,0e] Scalar replacement
Mov (Mul A[@,1], x[1,0]), t[1,0] «——
Mov (Mul A[e,2], x[2,0]), t[2,0] SSA normalization

Peephole optimizations

Vector code generation: Basic Idea

vector length (e.g., 4 for SSE float]

Df?ﬂﬂ LT |

N N Y ‘
y_Ax+yrc iy{ +

F coctnon e

[y]l’:l = [A]V,V[x]z/71 + . 0 T

Computation expressed in terms of v-BLACs
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v-BLACs

Addition (3 v-BLACs)

H =

Scalar Multiplication (7 v-BLACs)

Transposition (3 v-BLACs])

T

T
D —

Matrix Multiplication (5 v-BLACs)

Search on tiling

¥

k

Current search

strategies

n.N
oo

methods:

exhaustive search
random search [in the following: 10 samples)

Other degrees of freedom: currently model

(S]] DD D N :]D — D:]
DD [ D
18 cases implemented once for every vector ISA
v
Performance evaluation & search [ .
v
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Experiments

Hardware details
Intel Xeon X5680 [Westmere EP] @ 3.3 GHz
32 kB L1 D-cache
SSE 4.2 [theoretical peak 8 flops/cycle)
Intel’s SpeedStep and Turbo Boost disabled

Software details
RHEL Server 6 - kernelv. 2.6.32

Comparisons
Handwritten naive code: Fixed and general size
Libraries: Intel MKL v. 11, Intel IPP v. 7.1
Generators: Eigenv.3.1.3, BTOv.1.3

iccv. 13.1 with flags: -03 -xHost -fargument-noalias -fno-alias -ip -ipo

Plotting

6Performance [f/c]

LGen
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Case 1: Simple BLACs

y = Ax

6Pen‘ormance [f/c]

Performance [f/c]
IPP
5 < <
o O O o OO0 <&

-0—<

2 200 398

596
n [Float]

A e R™*4

794 992 1190

2 200 398 596
n [Float]

A e R¥X"

794 992 1190

v ¢t it |

LGen

Handwritten fixed size
Handwritten gen size
MKL 11.0

Eigen 3.1.3
IPP 7.1

Case 2: BLACs closely matching BLAS

C =aAB+ pC

Performance [f/c]

5

J B

MKL
600 0-0-0-000000<
& Eigen

Performance [f/c]

®
* 1
% *
P Poa BTO
1 g 40 80p0000000000000000t
RRR2

0
2 120 238 356 474 592 710 828 946
n [Float]

A c Rnx4
B c R4><4

0.
2 8 14 20 26 32 38 44 50 56 62 68 74 80 86
n [Float]

A c Rnxél
B c R4Xn

¢ v bt it |

LGen

Handwritten fixed size
Handwritten gen size
MKL 11.0

Eigen 3.1.3

IPP 7.1
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C = CY(AO + Al)TB + 6C

6Performance [f/c]

Case 3: More than one BLAS call

Performance [f/c]

¢ Performance [f/c]

¢ Performance [f/c]

¢ bt t |

IPP 7

- LGen

5
—V— Handwritten fixed size

4
—&— Handwritten gen size

3

/\—/\/M o kLo

2 MKL

0000000000000« ~0O~ Eigen 3.1.3

1 00000000

= o-oo0o0o oot S P71

FRBARBARRRRRRRRRT

O 130 238 356 474 s62 710 828 946 05" % 1420 26 32 38 44 50 56 62 68 74 80 86

n [Float] n [Float]
4xn 4xXn
Ao eR Ao eR
B e RY B e R¥*"
-
] LGen
Case 4: Micro BLACs

Handwritten fixed size
Handwritten gen size
MKL 11.0

Eigen 3.1.3
1

Performance [f/c]

y = Ax C = AB

5 6 7
n [Float]

a=zT Ay
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On Embedded Processors

Work by Nikos Kyrtatas

C = CY(AO + Al)TB + 6C

Performance [f/c]
25

gemam

Performance [f/c]

= LGen = LGen
—¥— Handwritten fixed (gcc) —¥— Handwritten fixed
—— Handwritten gen (gcc) 20 —— Handwritten gen
20 —»— Handwritten fixed (clang) —o— MKL 111
—<— Handwritten gen (clang) —#— Eigen-3.2.0
Eigen-3.2.0 . Atlas-3.10.1
15 —*— Atlas-3.10.1

n [Float]

ARM Cortex-A8 @ 1 GHz

5 8 11 14 17 20 23 26 29 32 35 38 41 44 47 50 53 56 59 62
n [Float]

Intel Atom D2550 @ 1.86 GHz

Challenge: Alignment Analysis

unaligned load/stores only

for( size_t i2 = @; 12 < 400; i2+=16 ) {
for( size_t j3 = @; j3 < 112; j3+=4 ) {
for( size_t ii4 = 0; ii4 < 16; iid+=4 ) {

t0_7_0 = _mm_loadu_ps(A + 115%i2 + 115%iid + j3);
t0_6_0 = _mm_loadu_ps(A + 115%i2 + 115%ii4 + j3 + 115);
t0_5.0 = _mm_loadu_ps(A + 115%i2 + 115%iid + j3 + 230);
t0_4 0 = _mn_loadu_ps(A + 115%i2 + 115%ii4 + j3 + 345);
t0_3_0 = _mm_loadu_ps(B + 115%i2 + 115%iid + j3);
+
o
+

0.2 0 = _mm_loadu_ps(B + 115%i2 + 115%ii4 + j3 + 115);
t0_1.0 = _mm_loadu_ps(B + 115%i2 + 115%iid + j3 + 230);
0.0 0 = _mn_loadu_ps(B + 115%i2 + 115%ii4 + j3 + 345);

// 4-BLAC: 4x4 + 4x4

t0.8.0 = _mm_add_ps(te_7_0, t0_3.0);
090 = _mm_add_ps(t0_6_6, t0_2_0);
t0_10_0 = _mm_add_ps(t0_5_6, t_1_0);
t0_11_0 = _mm_add_ps(t0_4_6, t0_0_0);

// 4x4 -> 4x4 - Incompact
t0.8_1 = t0_8_0;

t0_9_1 = t0_9_0;

t0_10_1 = t6_10_0;
t0_11.1 = to_11_0;

_mm_storeu_ps(C + 115%i2 + 115%ii4 + j3, t6_81);

_mm_storeu_ps(C + 115*i2 + 115%ii4 + j3 + 115, t0_9_1);

_mm_storeu_ps(C + 115%i2 + 115%iid + j3 + 230, t6_10_1);

_mm_store_ps(C + 115%i2 + 115%ii4 + j3 + 345, t0_11.1);
i

with aligned load/stores

for( size_t i2 = @; 12 < 460; i2+=16 ) {
for( size_t j3 = @; j3 < 112; j3+=4 ) {
for( size_t ii4 = 0; ii4 < 16; iid+=4 ) {
t0.7.0 = mpall + 115%i2 + 115%ii4 + j3);
te_6 (= _mm_load_ps(A +)115%i2 + 115*iid + j3 + 115);
10_5_0 S~~au loadupet® + 115%i2 + 115%ii4 + j3 + 230);
t0_4 0 = _mm_loadu_ps(A + 115*i2 + 115%ii4 + j3 + 345);
t0_3_0 = _mm_loadu_ps(B + 115%i2 + 115%ii4 + j3);
T + 115%12 + 115%ii4 + 33 + 115);
_mm_load_ps(B +)115%i2 + 115%ii4 + j3 + 230);
t0_0 0 = p=t8 + 115%i2 + 115%iid + j3 + 345);

@
s
»

©

/] 4-BLAC: 4x4 + 4x4

t0_8 0 = _mm_add_ps(t0_7_0, t6_3_0);
t0_9_0 = _mm_add_ps(t6_6_6, t6_2_0);
t0_10_0 = _mm_add_ps(te_5_0, t0_1_0);
t6_11.0 = _mm_add_ps(te_4_o, t0_0_0);

// 8x4 -> 4x4 - Incompact
t0_8 1 = t0_8_0;

t0_9_1 = t0_9_0;

t6_10_1 = t0_10_0;
t0_11.1 = t0_11_6;

_mm_storeu_ps(C + 115%i2 + 115%ii4 + j3, t0_8_1);
_mm_storeu_ps(C + 115%i2 + 115%ii4 + j3 + 115, t0_9_1);

C + 115%i2 + 115*iid4 + j3 + 230, t0_10_1);

115%i2 + 115%ii4 + j3 + 345, t0_11_1);
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Solution: Abstract interpretation

assume Bl] is aligned:

intervali l'congruence
// B->([-00,+00], 0+4Z)
for( size_t j5 = @; j5 < 8@; j5+=16 ) { // 95deli0gadd]oeesa))
for( size_t k4 = 8; k4 < 48; k4+=8 ) { // k4->([8,40], 0+8Z)
for( size_t kk7 = @; kk7 < 8; kk7+=4 ) { // kk7->([0,4], 0+4Z)
for( size_t jj8 =

8; jj8 < 16; jjs+=4 ) {  // jj8->([0,12], @+4Z)
t2219900==_mmmloadd_ps(B + j5 + jj8 + 81*k4 + 81*kk7);

// Eval(B + j5 + jj8 + 81*k4 + 81*kk7) = ([-00,+00], ©+4Z) + ([0,64], 0+16Z) +

// ([0,12], 0+4Z) + ([81,81], 81+0Z) * ([8,40], 0+8Z) + ([81,81], 81+0Z) * ([0,4], 0+4Z) =

// = ([-00,+00], ©+gcd(4,16,4,648,324)Z) = ([-00,+00], ©+4Z)

aligned T

Analysis is sound and precise

Conclusion

Performance [f/c]

Basic linear algebra computation

v=a"(A+B)y+4

©-0-0-0-0-0-0-0-0-0-0-0-0<

Desigr
Desig e
" RR-R
3
]
woid F(double const * A, double const * x, dousle * y) { z
5d o,
o
o
8 = _mm_loadu_pd(4); S5
€1 = ym_load_sd(k + 2); En
£
_m_badd_pd(_mm_mul_pd(+0, 4}, _sm_mul pd(t2, t4)}; ga
= Trm_shuffle_pd(f1, £3, ©); 52
ml_pd(7, _mn_shuffle_pd(zs, 55, 91} a R

- Jrm_wdd_pd(t5, t8);

_mn_storeu_pd(y, t3);

Optimized C function

 [Float]

Future Work: General size data, higher-level linear algebra, better search

More info: http://spiral.net/software/lgen.html
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